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Let S be a finite, planar, linear space of dimension n 2 3 such that (1) each line 
has 4 - 1, 4, or 4 + 1 points; (2) in any subspace R, the number of lines on any 
point of R is (qdlmR - I)/(q - 1 ), where q > 2. We prove that S embeds in a unique 
way in PG(n, q). If in addition S has at most q” points, it follows, using a result of 
Tallini, that S is the complement in PG(n, q) of a parabolic or hyperbolic quadric, a 
parabolic quadric plus a subspace of its nucleus space, a cone projecting from a 
PG(n - 3. q) a plane (q + 1)-arc plus a subspace of the PG(n - 2, q) joining the knot 
of the arc with the PG(n-3, q). or a hyperplane along with a subspace of 
PG(n. q). li; 1988 Academic Press, Inc. 
1. THE PROLOGUE 
Tallini proved in [ 141 (see also [ 13, 151) a very powerful theorem 
characterizing the parabolic and hyperbolic quadric cases in terms of 
subsets of PG(n, q), n > 3, q > 2 : 
THEOREM (Tallini). Assume K is a set of points in PG(n, q) n 3 3, q > 2, 
such that IKr-111 E (0, 1, 2, q+ 1) f or UN fines f, and 1 KI 2 (q” - 1 )/(q - 1). 
Then K is one of the following sets: 
(i) a (possibly singular) parabolic quadric, 
(ii) a (possibly singular) hyperbolic quadric, 
(iii) a parabolic quadric plus a subspace of its nucleus space (q even), 
(iv) a cone projecting from a PG(n - 3, q) a plane (q + l)-arc plus 
a subspace of the PG(n - 2, q) joining the knot of the arc with the 
PG(n - 3, q). 
(v) a hyperplane and a subspace of PG(n, q). 
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Consider a set Kin PG(n, q), n k 3, q b 2 having the properties described 
in Tallini’s theorem. Remove K from the PG(n, q) and consider the 
resulting structure S of points and lines. Can this be re-embedded in 
PG(n, q)? In case q > 2, it would then follow from Tallini’s theorem that S 
is the complement of one of the structures (i)-(v). 
Lefevre-Percsy later [ 111 generalized this result in case q is odd and > 3 
as follows: 
THEOREM (Lefevre-Percsy). Assume K is a set of points in PG(n, q) 
n33, q>3, q odd such that IKnlJE{O, 1,2,q+l) for all lines 1, and 
JKI>q”p’+2q”p3+(q”p3-l)/(q-1). ThenKisoneof(i),(ii),(v)aboue. 
The following properties clearly hold in S relative to either of the above 
theorems: 
1. IlI=q-l,q,q+l foralllinesl 
2. bR(X) = (qd’“R - 1 )/(q - 1) is the number of lines on any point x in 
a given subspace R of S. 
Condition (2) is easily seen to be equivalent to S being locally projective. 
In case n > 3, this condition alone is enough to ensure embeddability in a 
unique way [ 1, 10, 171. We may therefore restrict most of our attention to 
the case n = 3. We note that in this case (2) alone is insufficient for an 
embedding [lo]. However, with the additional assumption ISI >q3, 
Beutelspacher has shown [S] that a unique embedding is possible. His 
result uses no restriction on the line size. 
The “complementation problem”-removing a set from a projective 
space and then reconstructing the set-has primarily been considered in the 
dimension 2 case. (See [4, 7, 121.) The obvious exception to this is the 
well-known embedding of affine n-space in projective n-space. Apart from 
this result, however, the pseudo-complement question has not been raised 
as far as we know, for dimension >2. 
In the traditional style, the embedding we give here involves the 
introduction of new points and lines via spreads of lines and planes, respec- 
tively. However, the fact that these are well-defined objects and that the 
resulting new system is indeed a projective space relies on a detailed 
analysis of the planes in S. 
I wish to thank Marialuisa de Resmini for bringing the theorem of 
Tallini to my attention. 
2. THE SETTING 
By a (finite) linear space we mean a pair S = (P, L), where P is a (finite) 
set of D elements called points, together with a set L of h elements called 
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lines, each line being a subset of cardinality at least two of P, such that 
every pair of distinct points X, y is contained in a unique line denoted 
by XY. 
A line with k points will be called a k-line. 
A subspace R of S is a subset of P with induced lines such that whenever 
x and y are distinct points of R, then xy G R. If XE P, then the subspace 
generated by X is the intersection of all subspaces containing X, and is 
denoted by (X). 
The dimension of a subspace R of S is max { )MI - 21, where A4 is a 
totally ordered set of distinct subspaces of R}. Clearly the subspaces of 
dimension - 1, 0, and 1 are precisely the empty set, the points, and the 
lines, respectively. Subspaces of dimension 2 will be called planes. A sub- 
space of dimension i will also be referred to as an i-space. A maximal 
proper subspace of S is a hyperplane. 
A linear space is said to be planar if any three non-collinear points are 
contained in a unique plane. 
A k-arc of a plane is a set of k points no three collinear. A plane k-arc of 
an arbitrary linear space is a k-arc of some plane of the space. 
It is well known [6] that a (q + l)-arc in PG(2, q) can be completed to a 
(q + 2)-arc precisely when q is even. The additional point is obtained by 
adding the knot of the (q + 1)-arc, that is, the unique point which is on all 
the tangents to this arc. 
A quadric in PG(n, q), n 2 0 is the set of points satisfying a second degree 
homogeneous polynomial equation in n + 1 variables over GF(q). The 
number of points of a non-degenerate quadric Q is (q”- 1 )/(q - 1) - q’“- I)“, 
(q”- 1)/(4- l), or (4”- l)/(q- l)+q (n-1)‘2 depending on whether Q is T 
elliptic, parabolic, or hyperbolic, respectively. (See [3 or 81.) The nucleus 
space of a quadric Q in PG(n, q) is the set of points of PG(n, q) through 
each of which there is no line meeting Q in just two points. 
Let R and R’ be disjoint subspaces of S, and K and K’ respectively 
subsets of the point sets of R and R’. Then the cone determined by K and K 
is the set of all points on the lines xx’ with x E K and x’ E K’. 
For basic definitions of and information about alfine and projective 
spaces, we refer the reader to [3]. 
A linear space is said to be locally projective if for all points x, the system 
of lines and planes on x forms a projective space. 
Let 1 and I’ be lines of a linear space. We say I is parallel to I’ and write 
llll’ if and only if l=l’, or InI’=@ and 1 and I’ are coplanar. 
A set of mutually parallel lines will be called a spread if each point of S is 
on one of its lines. 
Let I be any line. Then 111 denotes the number of points on 1. If x is a 
point and R any subspace, bR(x) denotes the number of lines on x in R. 
Also, vR and 6, denote the number of points and lines in R. 
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In this article our main results are as follows. 
THEOREM. Let S be a finite, planar, linear space of dimension n >/ 3, and 
q >, 2 an integer such that 
1. IIl=q-l,q,orq+lforalllinesl,and 
2. b,(x) = (qdimR - 1 )/(q - 1) for all points x in any subspace R. 
Then S embeds in a unique way in a projective geometry PG(n, q). 
COROLLARY 1. If in addition to assumptions (1) and (2) of the theorem, 
S also satisfies 
3. ISI dq”, 432, 
then S is the complement in PG(n, q) of one of the sets (i))(v) of Taliini’s 
theorem. 
COROLLARY 2. If in addition to assumptions (1) and (2) of the theorem, 
S also satisfies 
3’. ISI <q”+q”-2-q”p3, q>3, q odd, 
then S is the complement in PG(n, q) of one of the sets (i), (ii), (v) of 
Tallini’s theorem. 
For n > 3, the theorem is quickly seen to be a consequence of a well- 
known result appearing, for instance, in [ 1, 10, or 171. For n = 3, more 
work needs to be done, and in fact we prove much more than stated in the 
theorem. In order to be able to apply a result of Kahn [9], we need to do 
a detailed analysis of the structure of the planes. We describe the planes 
precisely in Theorems 1 and 2 below. 
We note that a recent very powerful result of Teirlinck [16] for 
embedding planar spaces can be applied to our conditions for most cases. 
In fact, for q 2 8, the embedding is a corollary of his result. However, we 
feel that a systematic attack on each of the remaining cases would be 
completely inelegant (as well as non-trivial). Moreover, the method of 
construction used in this article is much more geometric and natural than 
that used by Teirlinck. 
As a final note, we point out that the case n=2 was considered in [2], 
where the methods used were necessarily quite different. 
3. THE CASE n>3 
LEMMA 1. Let S be as in the theorem. Then 
(i) two intersecting lines are contained in a unique plane; 
582a/49/2-11 
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(ii) each line is on (qiel - 1 )/(q - 1) planes in any i-space; 
(iii) any two distinct planes in a 3-space meet in @ or a line. 
Proof: Part (i) is an immediate consequence of the assumption “S is 
planar.” 
Let 1 be a line of an i-space R, and x a point of 1. Each plane on 1 has 
q + 1 lines on x by (2). Since there are qi- ’ + . . . + 1 lines on x in R by (2), 
using (i) there must be precisely q’-* + .. 1 planes in 1 in R. 
To prove (iii), suppose that in some 3-space the planes x and n’ meet in 
a single point x. Let 1 be a line on x in 71. Using (2), the q + 1 lines on x in 
rc’ form q + 1 planes on 1 using (i). But rc is an additional plane on 1, 
contradicting (ii). 
Part (iii) of Lemma 1 now implies that S is locally projective. In case 
n > 3, results of Wille [17], Kantor [lo], or Batten [l] now imply that S 
is embeddable in a unique way in PG(n, q). If (q - 1)-lines exist, then 
clearly q > 2 and applying Tallini’s theorem, or the theorem of Lefevre- 
Percsy, gives the desired result. If (q - l)-lines do not exist, it is easy to 
see that each plane of S is affine, projective, or projective less a point. 
If all planes are afline, then S is afline and we have (v) even if q=2. 
Fix a (q + 1)-line. By (ii) of Lemma 1, this is on q”-’ + ‘.. + 1 planes, 
each plane having either q* + q + 1 or q2 + q points. It follows that 
vz+q*- l)(q”-*+ . ..+l)+q+l=(q+l)q”-‘. contradicting (3) or 
(3’). 
It suffices therefore to restrict ourselves to the case n = 3. A major result 
which we shall apply is the following specialization of an embedding 
theorem of Kahn [9]. 
THEOREM (Kahn). Let S be a locally projective linear space of dimension 
3 satisfying 
(BT) if I,, 12, I,, and 1, are lines no three on a common plane, and no 
two on a common point, and lffive of the six pairs {Ii, l,}, 1 d i # j ,< 4 are 
coplanar, then the sixth pair is also. 
Then S is embeddable in a unique way in PG(3, q), where q is the order of the 
projective plane at some (and therefore at all) points of S. 
4. THE CASE n = 3 WITH No (q + 1 )-LINES 
We prove the following. 
THEOREM 1. If conditions ( 1) and (2) of the theorem hold for n = 3 and 
q 2 2, and tf there are no (q + 1 )-lines, then S embeds in a unique way in a 
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projective geometry PG(3, q), and each plane of S is projective less a line, a 
line and a point not on the line, or two lines. 
Applying the result of Tallini if q > 2, we see that S is PG(3, q) less a 
plane, a plane and a line not in the plane, or two planes. The theorem of 
Lefevre-Percsy also allows all of these. If q = 2, then (q - 1 )-lines do not 
exist, so S is afline, which appears in the above list. 
We need first of all, two lemmas which are valid even if (q + 1)-lines 
exist. 
LEMMA 2. No plane of S contains just (q - 1 )-lines. 
Proof Suppose the plane n is only on (q - 1 )-lines. By (3), each point 
on TI is on q+ 1 lines in z., Hence b,= [(q+ l)(q-2)+ l](q+ l)/(q- l), 
implying q - 112 and so q = 3. In this case, it is easy to see that some line 1 
misses n and so induces a spread of rc into 2-lines using part (iii) of 
Lemma 1. This contradicts v, = 5. 
LEMMA 3. If a (q - 1)-line A is parallel to some q-line, then R determines 
precisely two spreads of S. In particular, if a spread is not on a q-line in a 
plane 71, then it is on q + 1 (q - 1)-lines of IL It follows that BT of Kahn’s 
theorem is satisfied for any four lines of a spread on A. 
Proof: Clearly, (2) implies that R is on at most two spreads. Moreover, 
it follows from (2) and (i) of Lemma 1 that any q-line determines a unique 
spread of S. Let 1 be a q-line parallel to R, and let [A], be the spread on A 
determined by 1. Consider the plane 71 = (R, 1). If some point of 1 is on a 
second q-line of 7t missing 4, we are finished. Suppose then, that each point 
of 1 is on a (q - 1 )-line Ai missing A. If {x) = Ri n &,, i # j, there is a unique 
line of [k], on x missing R and I, and we contradict (2); so the Als are 
mutually parallel. Let YE n\(l u &). By (2), there is a line on y missing A 
but meeting 1. Thus this line must be on Ai for some i. It follows that the R, 
along with A form a spread of n. 
Let .X be any point outside n and let 1’ be the unique element of [A] i on 
x. Let A’ be the second line of 7~’ = (&,I’) on x missing 1. Using (iii) of 
Lemma 1, it is clear that (d,, x) n z’ = 4’ for all i. It follows that a spread 
[R] z of S is induced on R. 
Proof of Theorem 1. Let n be a non-afline plane on a fixed point X. 
Letting a and c respectively be the number of (q - 1 )- and of q-lines on x in 
rc, we obtain v, = a(q - 2) + c(q - 1) + 1. On the other hand, n contains at 
least one q-line by Lemma 2, which thus determines a spread of z. Letting 
d and e respectively be the number of (q - 1 )- and of q-lines in this spread, 
we lind that a(q - 2) + c(q - 1) + 1 = d(q - 1) + eq. Consequently, 
q-lla+e-1, while l<a<q and lQe<q+l. So l<a+e-1<2q. It 
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follows that a+e- 1 =q- 1 or 2(q- l), or, in case q=3, 3(q- 1). Then 
a+c=d+e+i, where i= 1 or 2, or if q=3, i=3. Since a+c=q+ 1, this 
implies d+ e = q, q - 1 or q - 2. Clearly this last is not possible. Hence any 
spread which is determined by a q-line has either q or q - 1 elements in any 
plane on that q-line. 
Suppose the plane 7~ contains a q-line 1 disjoint from a (q - l)-line A. 
From the above, the spread in 7t on R and not on I contains q + 1 (q - I)- 
lines. Thus u, = q’ - 1. Fixing a point and counting (q - l)- and q-lines on 
it, we see that each point is on a unique (q - 1 )-line. We thus get a single 
partition of K into q + 1 (q- l)-lines, and q + 1 partitions of rr into q - 1 
q-lines and one (q - 1 )-line. 
Now suppose that in n all (q - 1)-lines meet all q-lines. Any q-line 
induces a spread of rc which, by the argument above, has at most q 
elements. Since the spread induced contains only q-lines, it follows that 
either x is an afline plane, or it contains a unique spread of q - 1 q-lines, all 
other lines being (q - 1 )-lines, and o, = q2 - q. 
So there are three possibie types of plane rr in S which we shall refer to 
as types I, II, and III, with u, = q2, u, = q* - 1 and u, = q* - q, respectively. 
Fix a (q - 1 )-line A. Let r be the number of planes on R of type III. Since 
there can be no planes on d of type I, we obtain u = r(q2 - 2q + 1) + 
(q + 1 - r)(q’ - q) + (q - 1) using (ii) of Lemma 2. 
Suppose h is on no plane of type II; that is, r = q + 1. Then v = q3 - q2. 
Thus each (q - 1 )-line is only on planes of type III. Fix a q-line I now. 
Clearly, each plane on I is either of type I or of type III. Counting as for A 
above, we find that 1 is on a unique affine plane, and on q planes of 
type III. It follows that each afhne plane induces a spread of afhne planes in 
S in which there must be (q3 - q2)/q2 = q - 1 planes. Hence, there is a uni- 
que such spread, and all lines not in one of these planes are (q - 1 )-lines, 
and each (q - 1 )-line meets each affme plane. 
Let A, and R, be parallel (q - I)-lines. Let x be a point not in (R,, R,), 
let ,$r = (x$,, x) n (Rz, x), a line by (iii) of Lemma 1, and let A be the 
unique affine plane on X. It is not difficult to see that R, is parallel to 
each element of the spread induced in (A,, d2) (a plane of type III) by R, 
and d2. 
Let A,. be a fourth line, parallel to 4, and A, and not in (&i, d2), 
(Ar,&.,), or (&,,A,). Let y=R,.nA, u=A,nA, v=R,nA. Thus the 
lines uu and xy are distinct in A. If tlu n my = {z>, let R be the line on z of 
the spread on Ai and R, in (R,, R2). Then both R, and A,. are coplanar 
with A, and so A,, A,. E (4, X, Y) implying A,Y I( A,.. If uu I( +uy in A, take a 
second affine plane A’ # A, and define correspondingly in the obvious man- 
ner the points x’, y’, u’, 0’. If x’y’ meets u’u’, the above argument using A’ 
yields A, 11 z$. So suppose x’y’ (I u’u‘. But a q-line uniquely determines a 
spread of q-lines in S, and so it follows that ~yl/) x’J~‘, forcing R, 1) R,.. 
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Hence if r = q + 1, BT of Kahn’s theorem holds in S. If r < q + 1, each 
(q - 1)-line is on a plane of type II and so is parallel to some q-line. By 
Lemma 3, it again follows that BT holds in S. By Kahn’s theorem then, S 
is embeddable in PG(3, q). 
In case r = q + 1 above, and u = q3 - q2 with a unique spread of q - 1 
affine planes, it is now easy to see that S is the complement of two planes 
in PG(3, q). 
In case r < q+ 1 and planes of type II exist, we see that S is the 
complement of a plane and a line not in the plane in PG(3, q). 
5. THE CASE n = 3 WITH (q + 1 )-LINES 
THEOREM 2. If conditions ( 1) and (2) of the theorem hold for n = 3 and 
q > 2, and if there are (q + l)-lines, then S embeds in a unique way in a 
projective geometry PG(3, q), and each plane of S is projective less a point, a 
line, two lines, a (q + 1 )-arc, or a (q + 2)-arc. 
Applying Tallini’s theorem if q > 2, S is PG(3, q) less a hyperbolic 
quadric consisting of two partial spreads of q + 1 lines each such that each 
line of one meets all lines of the other (a grid), or less a set of q + 1 or q + 2 
lines all on a common point (a cone). The theorem of Lefevre-Percsy does 
not include the case of q + 2 lines, as q must be even here. If q = 2, then 
(q - 1 )-lines do not exist, and it is easy to see that each plane of S is affine, 
projective, or projective less a point. If all planes are aftine, then S is alline 
and we have (v). Fix a (q + 1 )-line. By (ii) of Lemma 1, this is on 
4 np ’ + . . + 1 planes, each plane having either q2 + q + 1 or q2 + q points. 
It follows that u > q” + q”- ‘, contradicting (3). 
Proof. We determine, the types of planes that can exist on a (q - l)- 
line. Suppose first of all that there exists a (q - 1 )-line R not parallel to any 
q-line. 
Let 7~ be a plane on the (q - 1 )-line 1. By Lemma 2 x contains a q- or 
(q + 1 )-line. Since any line parallel to A but not in rc induces a spread of n 
on R, such a spread has either q or q + 1 (q - 1 )-lines. So u, = (q - 1 )q or 
(q - l)(q + 1) = q2 - 1. In the first case, there is no (q + l)-line in IC, there is 
a unique spread of q-lines, and z is the complement of two lines in a pro- 
jective plane of order q. We say rc is of type I. In the second case, there is 
no q-line (this would induce a spread of q-lines), each point is on (q + 2)/2 
(q - 1 )-lines, and 71 is the complement of a (q + 2)-arc in a projective plane 
of order q. We say n is of type II. 
We prove now that if 1 is a (q - 1 )-line not parallel to any q-line, then no 
(q - 1 )-line is parallel to any q-line. 
Let 7c be any plane such that A n rr = 0. Then A induces a spread of lines 
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in rc. For each line 4’ of this spread, the plane (A, A’) is of type I or II and 
so 4’ is a (q - 1 )-line. Since by Lemma 2 rc contains a q- or (q + 1 )-line, it 
follows that 7c is of type I or II or possibly a third type of plane with 
v, = q2 - 1 in which there is no (q + 1)-line and in which there is a unique 
spread of q + 1 (q - 1 )-lines. z is the complement of a line and a point not 
on the line in a projective plane of order q. In the plane (4, R’) there is a 
second (q - 1 )-line meeting R and parallel to A’. This line also generates a 
spread of (q - 1 )-lines in rr containing 4’. Thus ‘IL cannot be the new type of 
plane above, but must be of type I or II. 
Now let 1 be an arbitrary (q - 1 )-line distinct from A. If I /I A, then any 
plane on 1 is of type I or II using the above argument. 
If 1 meets A, then (I, 4) is of type I or II and so contains a (q - I)-line A’ 
parallel to both 1 and 1. By the above, A’ is only on planes of type I or II, 
and transitivity now implies that this is also true for 1. 
Suppose (1, A) is S. Not all planes on 1 meet A. Choose one, 71, which 
does not. Let x E 7c\l. Then 7c n (A, x) = R’ is a (q - 1)-line parallel to A. 
Thus &’ is only on planes of type I or II. Now either R’ is parallel to 1 or 4’ 
meets 1. By the above, 1 is only on planes of type I or II. If follows that no 
(q - 1 )-line is parallel to any q-line. 
We now determine the possible planes on a q-line. Consider an arbitrary 
q-line 1 in a plane 71. Since 1 induces a spread of q - 1, q, or q + 1 lines, and 
since no (q - 1 )-line is parallel to 1, rt is of type I, or an affine plane, or a 
projective plane less a single point. However, an afline plane clearly deter- 
mines a spread of at least q + 1 alline planes (since (q + 1 )-lines exist). If 
there is a (q - 1 )-line R, it therefore misses some alline plane A. Let x E A. 
Then (A, x ) n A = 1 is a q-line by (iii) of Lemma 1, and 1 and A are 
parallel, which contradicts the above. So (q - 1 )-lines do not exist in this 
case. We may now count u using the planes on a q-line and then on a 
(q + 1 )-line as follows, letting a be the number of affine planes on a q-line: 
o=a(q2-q)+(q+l-a)q2+q=q3+q2+q-qa and v=(q+l)(q2-1) 
+ q + 1 = q3 + q2. It follows that a = 1, and each q-line is on a unique affine 
plane. Counting v again via the number of lines on a fixed point, we see 
that each point is on q + 1 q-lines. Thus each q-line belongs to a plane of 
the spread of precisely q + 1 afllne planes. Adding new points in the 
obvious manner, we see that S is a projective 3-space less a single line with 
all its points. So let us assume that affine planes do not exist. We shall say 
that the “punctured” projective plane is of type III. 
Finally, consider an arbitrary (q + I)-line, 1 in a plane ‘II. If z also con- 
tains a (q - 1 )-line, then it must be of type II; if it contains a q-line, it must 
be of type III. Suppose it is projective. Let A be any (q - 1 )-line. Then it 
meets rc, and all planes on R are necessarily of type II. It follows that 
u = q3 - 1. Since any q-line generates a spread of q-lines, q 1 v giving a con- 
tradiction. So q-lines do not exist and hence nor do planes of types I 
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and III. Now fixing a (q + 1)-line I and counting projective planes and 
planes of type II on it, we obtain the number of planes of type II on 1 is 
(q* + q + 2)/(q + 2) forcing q + 2 14 and so q = 2 which is impossible. So 
projective planes do not exist. We therefore have only three types of planes 
in S. 
We now claim that all planes meet a plane of type II. This is true since 
any plane of type II has a (q + 1 )-line 1 and if x E rr’, (1, x) n 7~’ is a line 
meeting 1. 
As a last major stage in the proof, we show that any two parallel (q - l)- 
lines A, and R, of a plane rr of type II uniquely determine a spread of S. d, 
and R, are elements of a spread of q + t (q - I)-lines in rr. Let p$ II. Let 
R, = (4,) p ) A (A,, p ). Suppose R, is not parallel to some element A, of 
the spread on A, and A, in n. Let r E R,. Let (R,, r) n rr = A # A,. Clearly 
RIIR, and RI/R,. Let sfu, seR3, and let Z=(k,,s)nn. Clearly 
#?[I R,, d2, A, which is impossible in a plane of type II. It follows that each 
element of the spread on A r and A, in 71 is paralllel to A,. Let q $ rc, and 
define A, = (R,, q) n (R2, q). Then all planes meet rr. In particular, 
(R,, q) meets it in a line 1. Since A is in the spread of rc on &.i and A,, we 
get &,z (R,, q) and so &,/IA,. 
If planes of type II do not exist, fix a (q + 1 )-line 1 and count u using the 
q + 1 planes of type III on I. We get 0 = (q + 1 )(q2 - 1) + q + 1 = q3 + q2. 
On the other hand, a similar count for u using a (q - 1 j-line yields 
u = (q + 1)(q2 - q) + q - 1, and so we have a contradiction. If some (q - l)- 
line is not on a plane of type II, we obtain u = (q + 1)(q2 - 2q + 1) + 
q - 1 = q3 - q2 implying that no (q - 1 )-line is on a plane of type II. But 
since such planes exist, this is a contradiction. 
It follows that each (q - 1 )-line is on a plane of type II. Clearly a (q - l)- 
line determines at most two spreads of S. By the above, it determines 
precisely two spreads of S. It follows that BT holds in S. 
If some (q - 1 )-line is parallel to a q-line, then by the above, all (q - l)- 
lines are parallel to a q-line, In this case Lemma 3 implies that BT holds in 
S. By Kahn’s theorem, S is embeddable in PG(3, q). 
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